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a b s t r a c t
We present ill-posedness results for the initial value problem (IVP) for the Gardner
equation. Wemeasure the regularity of the Cauchy problem in the classical Sobolev spaces
Hs, and show the critical Sobolev index under which the local well-posedness of the
problem is not present, in the sense that the dependence of solutions upon initial data fails
to be continuous.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
In this short note we continue our work, started in [1], on regularity for the Cauchy problem for the focusing Gardner
equation (GE for short)
vt + vxxx + 6σ(v2)x + 2(v3)x = 0, σ , t, x ∈ R,
v(x, 0) = v0(x), (1.1)
where v = v(x, t) is a real valued function. Specifically, we present here one result concerning the ill-posedness of the GE
for given data in Hs(R). Our aim is to study the nonlinear evolution driven by the GE (1.1) with initial data defined by a time
periodic and spatially localized function, as we will show further.
The GE (1.1) is an integrable equation with infinitely many conservation laws and well-known (long-time) asymptotic
behavior of its solutions obtainedwith the help of the inverse scattering transform [2]. The key characteristic of the equation
(1.1) is that it contains a nonlinear part composed of a Korteweg–de Vries (KdV) term (v2)x and a positive modified KdV
(mKdV) term (v3)x. The competition between this nonlinear part and the linear dispersive term vxxx allows the existence
of intricate soliton as well as exact real breather solutions. These breathers are nonlinear oscillatory modes, defined by
a periodic-in-time and spatially localized real function (indeed, exponentially decaying in space). The inverse scattering
technique can be used to obtain explicitly these solutions of the GE (see e.g. [3,4]). As a physical model, for instance, (1.1)
describes large-amplitude internal solitary waves, showing a dynamics which can look rather different from the KdV form
(hereafter: KdV for short) [5]. From the mathematical point of view, the GE (1.1) appears when one looks for L∞-solutions
with nonzero limits at infinity andwith geometrical interpretation of the focusing (positive nonlinear term)mKdV equation
ut + uxxx + 2(u3)x = 0, (1.2)
that is, solutions u(x, t) = σ + v(x + ct), with c > 0, σ ∈ R and v a traveling wave function with exponential decay
at infinity [6]. When we substitute such an ansatz in the focusing mKdV (1.2), the GE (1.1) appears (up to translations).
Moreover, it plays a key role in the proof of the L2-stability of the multisoliton solution for KdV, through to the so called
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Gardner transform which links H1-solutions of the GE with L2-solutions of the KdV equation (see [7]). In general, the
importance of the GE (1.1) rests on its pivot character, connecting, through the so called Gardner and Miura transforms,
to other nonlinear evolution equations (KdV, and focusing and defocusing mKdV, corresponding to ± in the cubic term,
respectively), and therefore it is a useful tool for proving results on these evolution equations (see e.g. [7,8]).
The local well-posedness (LWP for short) of the IVP for KdV with initial data in Hs(R), s > −3/4 was obtained by Kenig
et al. in [9]. They showed sharp bilinear estimates in the functional space X s,b, introduced by Bourgain in [10], up to the index
s = −3/4. In [11], Christ et al. proved the LWP of the IVP for KdVwith initial data inHs(R), s ≥ −3/4, using amodifiedMiura
transform and the existence theory for the mKdV. They also proved the global theory for initial data in Hs(R), s > −3/4.
The LWP of the IVP for the focusingmKdVwith initial data in the Sobolev spaceHs(R), s ≥ 1/4, was given by Kenig et al.
in [12], where they also proved the global well-posedness in the energy space Hs(R), s ≥ 1. The global result, below the
conservation law, was shown, for initial data in Hs(R), s > 1/4 by Colliander et al. in [13], using the existence theory for
KdV and the Miura transform.
For the GE, the LWP result with initial data in the classical Sobolev space Hs(R) with s ≥ 1/4 was shown by the author
in [1]. Note that this result is not trivial since the GE is not scaling invariant. This loss of the scale property raises two
difficulties. The first one appears in the proof of persistence of the solution in the LWP result, it being necessary to introduce
a rescaling of the problem in terms of a new auxiliary function. The second difficulty appears in the proof of the convexity
condition suggested by Zhidkov [14], since it cannot be deduced directly and it is necessary to integrate the corresponding
H1 Lyapunov functional. Finally, the global well-posedness for the GE in the energy space Hs(R), s ≥ 1, was also proved
in [1].
In this paper, we study the ill-posedness for the GE (1.1) in the line, and we show that solutions cannot depend
continuously on their initial data in the Sobolev spaces Hs(R) for s < 1/4. The key idea is to use the real breather solution
of the GE as initial data. Until the work of [15], breather solutions had not been employed in the proof of regularity of
dispersive equations. From that work, its use has been effective, since, exploring the limit when the frequency parameter
of the breather solution is large enough, it gives an example of non-uniform continuity of the mapping data-solution
v0 → v(t). In the previous works of Birnir et al. [16] and Birnir et al. [17], the ill-posedness in the line of k-gKdV for
k ≥ 4, in Hsk(R), sk = 1/2 − 2/k, and the local ill-posedness of mKdV for s < −1/2, respectively, were proved by using
solitary wave solutions of these equations. For the defocusing mKdV equation, Christ et al. presented ill-posedness results
in the line for−1/4 < s < 1/4 and for−1/2 < s < 1 in the periodic case (see [11]). In the case of KdV, Christ et al. showed
that the Cauchy problem is ill-posed for −1 ≤ s < −3/4. In [18], Tzvetkov obtained the local ill-posedness for KdV in the
line for s < −3/4. Molinet et al. also followed, in the two-dimensional setting, the same idea as was employed by Birnir
et al. [16,17] for the proof of the ill-posedness of the KP-I equation [19]. For the sake of completeness, we recall some basic
concepts.
First of all, by local well-posedness of the IVP (1.1) we understand that there exists a unique solution u(·, t) of (1.1) taking
values in Hs for a time interval [0, T ); it defines a continuous curve in Hs and depends continuously on the initial data—that
is:
for any ϵ, there exists δ > 0, such that if ∥u01 − u02∥Hs < δ, then ∥u1 − u2∥Hs < ϵ, with δ = δ(ϵ,M), where ∥u0i∥Hs
≤ M, i = 1, 2.
We will use the following definition for the real breather solution of the GE1(see e.g. [3,4]):
Definition 1.1 (Real Breather of the Gardner Equation).
Let α, β, σ ∈ R \ {0} such that∆ = α2+β2− 4σ 2 > 0. The real breather solution of the Gardner equation (1.1) is given
explicitly by the formula
vα,β,σ (x, t) := 2∂x

arctan
 β[α sin(α(x+δt))−β cos(α(x+δt))]
α
√
∆
− 2σβ[cosh(β(x+γ t))+sinh(β(x+γ t))]
∆
cosh(β(x+ γ t))− 2σβ cos(α(x+δt))
α
√
∆

= 2Gα,β,σ (x, t)
Fα,β,σ (x, t)
, (1.3)
where
Gα,β,σ (x, t) :=

cosh(y1)− 2σβ cos(y2)
α
√
∆

·

β[β sin(y2)+ α cos(y2)]√
∆
− 2σβ
2[cosh(y1)+ sinh(y1)]
∆

−

β sinh(y1)+ 2σβ sin(y2)√
∆

·

β[α sin(y2)− β cos(y2)]
α
√
∆
− 2σβ[cosh(y1)+ sinh(y1)]
∆

,
Fα,β,σ (x, t) :=

β[α sin(y2)− β cos(y2)]
α
√
∆
− 2σβ[cosh(y1)+ sinh(y1)]
∆
2
+

cosh(y1)− 2σβ cos(y2)
α
√
∆
2
, (1.4)
1 Note that if u(x, t) = σ + v(x, t) is a solution of mKdV (1.2), then v(x, t) is solution of GE (1.1), following a suitable spatial translation.
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with
y1 = β(x+ γ t), y2 = α(x+ δt), (1.5)
and
δ = α2 − 3β2, γ = 3α2 − β2. (1.6)
A simple remark is that δ ≠ γ , for all values of α and β different from zero. This means that the variables x + δt and
x+ γ t are always independent. Indeed, if δ = γ , one has from (1.6)
2(α2 + β2) = 0,
which means α = β = 0, a contradiction. Moreover, note that for each fixed time, the breather of the GE (1.3) is a function
in the Schwartz class, with zero mean:
R
vα,β,σ = 0.
Therefore, in what follows we may suppose α, β > 0, with no loss of generality. We will denote as β and α the amplitude
and frequency of the breather, and γ will be for us the velocity of the breather solution. In general, calculations involving
the real breather of GE (1.3) are onerous (more than in the mKdV case), but in particular, it is easy to see that for (1.4), on
selecting α large2, such that β/α ≪ 1, the breather (1.3) approximates to
vα,β,σ (x, t) ≈ 2β cos(α(x+ (α2 − 3β2)t))sech(β(x+ (3α2 − β2)t)), (1.7)
i.e. in the regime of α large with respect to β , the breather of GE is equal to the breather of mKdV up to order O( β
α
) and it
is independent of the parameter σ since the characteristic terms of GE (bearing σ ) are also proportional to β/α. The use of
this approximation will be a key step in the proof of the ill-posedness of the GE. The main result concerning the IVP (1.1) is
the following:
Main Theorem (Ill-Posedness of the Gardner Equation). If s < 1/4, the mapping data-solution v0 → v(t), with v(t) a solution
of the IVP for the Gardner equation (1.1), is not uniformly continuous.
Before explaining the main ideas behind the proof of this result, some remarks are in order.
Remarks. 1. We follow the steps explained in [15] but now for the case of the GE with the breather solution (1.3) as initial
data. It is worth noting that, as a consequence of the loss of the scaling invariance of the GE (1.1), it cannot be guessed
from the LWP result for s ≥ 1/4 in [1] that the critical index for GE is s = 1/4 and that the ill-posedness happens for
s < 1/4. Nevertheless, it is a surprising fact that the ill-posedness result of GE really is for s < 1/4. The intuitive reason is
the approximation of the real breather of the GE by the breather of mKdV, when the parameter α is large with respect to β
and up to order O( β
α
). Using the breather solution of the mKdV, the ill-posedness result for mKdV was obtained for s < 1/4
by Kenig et al. [15]. In the proof of the main result, and for the sake of simplicity, we will rewrite the approximated solution
vα,β,σ (x, t) (1.7) as follows:
vα,β,σ (x, t) ≈
√
2Re[ei(α(x+(α2−3β2)t))Qβ(x+ (3α2 − β2)t)], (1.8)
where Q denotes the solution of the nonlinear ODE
Q
′′ − Q + Q 3 = 0, with Q (x) = √2sech(x), (1.9)
and
Qβ(x) = βQ (βx). (1.10)
We will measure the distance between two initial data with the same amplitude β but different frequencies αi, i = 1, 2.
Next, we will measure the distance between the two corresponding solutions at time t = T and selecting large enough
frequencies αi, i = 1, 2, it will be possible to avoid the interaction of the supports of these solutions. Finally, we obtain a
lower bound to the distance between the solutions at time t = T . With a suitable selection of the frequencies αi, i = 1, 2,
and since s < 1/4, we will arrive at one contradiction with the continuous dependence of the mapping data-solution.
2. We believe that the ill-posedness of the IVP for the defocusing Gardner equation
vt + vxxx − 6σ(v2)x − 2(v3)x = 0, σ , t, x ∈ R, (1.11)
can be proved by using the results of Christ et al. (see [11]).
2 The opposite case when α = 0 is presented in [4].
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3. We think that some of the ideas presented here might be useful for proving ill-posedness results for other nonlinear
evolution equations with breathers. For example, for the complex Gardner equation
vt + vxxx + 6(σ v¯ + σ¯ v + |v|2)vx = 0, (x, t) ∈ R2, σ ∈ C, (1.12)
and for the Sasa–Satsuma equation (see e.g. [20,21])
vt + vxxx + 6(vv¯x + 3v¯vx)v = 0, (x, t) ∈ R2. (1.13)
Proof of the Main Theorem. We consider the IVP for the Gardner equation with initial data given by the breather solution
of the GE (1.3),
vt + vxxx + 6σ(v2)x + 2(v3)x = 0, σ , t, x ∈ R,
v(x, 0) = vα,β,σ (x, 0). (1.14)
We take the parameter α large enough, such that β/α ≪ 1. Then, from (1.8), the initial data read
vα,β,σ (x, 0) ≈
√
2Re[eixαQβ(x)], (1.15)
with Q defined in (1.9). We take
β = α−2s and α1, α2 ∼ α. (1.16)
Hence3 Qˆβ(ξ − α) falls in Bβ(α) := {ξ ∈ R : |ξ − α| < β}. First, we calculate the Hs-norm of two different initial data for
the GE in the regime with α large enough, such that β/α ≪ 1:
∥vαi,β,σ (0)∥2Hs ≈ ∥(1+ |ξ |2)s/2Qˆβ(ξ − αi)∥2L2 ≈ Cα2sβ = C, i = 1, 2. (1.17)
Second, we measure the distance between these initial data:
∥vα1,β,σ (0)− vα2,β,σ (0)∥2Hs ≈ ∥(1+ |ξ |2)s/2(Qˆβ(ξ − α1)− Qˆβ(ξ − α2))∥2L2
≤ Cα2s
Qˆβ(ξ − α1)− Qˆβ(ξ − α2)2
L2
≤ Cα2s
 +∞
−∞
 ξ−α2
ξ−α1
d
dρ
Qˆβ(ρ)dρ
2 dξ
≤ Cα2s |α1 − α2|
β2
 +∞
−∞
 ξ−α2
ξ−α1
|Qˆ ′β(ρ)|2dρdξ ≤ Cα2s
|α1 − α2|
β2
 ρ+α1
ρ+α2
dξ
 +∞
−∞
|Qˆ ′β(ρ)|2dρ
≤ Cα2s (α1 − α2)
2
β2
β = Cα2s(α1 − α2)2α2s = C(α2s(α1 − α2))2.
(1.18)
Now, we measure the distance between two corresponding solutions vα1,β,σ (t), vα2,β,σ (t) of the GE at time t = T :
∥vα1,β,σ (T )− vα2,β,σ (T )∥2Hs ≈ α2s∥vα1,β,σ (T )− vα2,β,σ (T )∥2L2 . (1.19)
On one hand, we remember (1.7), i.e. that for α large enough, the solution of the GE at time t = T is
vαi,β,σ (T ) ≈ Re[
√
2ei(αi(x+(α
2
i −3β2)T ))βQ (β(x+ (3α2i − β2)T ))]. (1.20)
On the other hand vαi,β,σ (T ) falls in Bβ−1(3α
2
i T ), i = 1, 2, since
3α2 − β2 ∼ 3α2, α21 − α22 = (α1 − α2)(α1 + α2) ∼ (α1 − α2)α. (1.21)
As a consequence, the supports of these solutions are disjoint, selecting
α(α1 − α2)T ≫ β−1 = α2s, (1.22)
and hence
∥vα1,β,σ (T )− vα2,β,σ (T )∥2L2 ≈ ∥vα1,β,σ (T )∥2L2 + ∥vα2,β,σ (T )∥2L2 ≈ β. (1.23)
Then, the estimate (1.19) combined with (1.23) yields
∥vα1,β,σ (T )− vα2,β,σ (T )∥2Hs ≥ Cα2sβ = C . (1.24)
3 Here ·ˆ denotes the Fourier transform.
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If we select
α1 = α + λ2α2s , α2 = α −
λ
2α2s
, α1 − α2 = λ
α2s
, (1.25)
we have that
(α2s(α1 − α2))2 = λ2, (1.26)
and hence
α
λ
α2s
T ≫ α2s, and then T ≫ α
4s−1
λ
. (1.27)
Since s < 1/4, given λ, T > 0, we can choose α so large that (1.27) is still valid, and then (1.23) does not satisfy uniform
continuity. This proves the theorem. 
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